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LECTURE

Triple integrals

32.1 Triple integrals

Volume = AV,

.

I ] (%% Yoo 25)

4

Figure 32.1: Partitioning of a solid

Consider a closed solid region G in an xyz-coordinate, enclosed by a box. Divide
the box into n sub-boxes by planes parallel to the coordinate planes. Discard those
sub-boxes that contain any points outside of G. Choose an arbitrary point in each of
the remaining sub-boxes P; (xz, y,’;, z;;). Let AV} denote the volume of the k™" sub-
box. Now, form the product f(x;, y;,2;). Then add the products for all sub-boxes to
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2 LECTURE 32. TRIPLE INTEGRALS

obtain the Riemann sum
n

F Y 2) AV
k=1

Finally we repeat this process with more and more subdivisions in such a way that the
length, width and height or each sub-box approach zero and n — co
The limit

n
(x,y,2)dV = lim (X1, Vi 2) AV,
ffcf N n_@OkZ:‘,lf 0 Vi 2k k
is called the triple integral of f over G.

Theorem 32.1 (Properties of triple integrals).
Triple integrals enjoy many properties of single and double integrals

1 [ff cf(x,y,z)dV:cfff f(x,y,2)dV (c a constant).
G G
2. ffG[f(x,y,z)+g(x,y,Z)]dV:ffcf(x,y,z)dV+fng(x,y,z)dV

3. fffc[f(x,y,Z)—g(x,y,z)]dV=fffo(x,y,z)dV—fffcg(x,y,z)dv

4. Moreover, if the region G is subdivided into two sub-regions G, and G,

fff(;f(x’y'z)dv:f[fGlf(x,J’»Z)dV+ffszf(X,y,z)dV.

| &

Figure 32.2: G = G; + Go.

32.2 Evaluating triple integrals

Theorem 32.2 (Fubini’s).
Let G be the rectangular box defined by the inequalities

asx<b c<y=sd, k=sz<l.
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If f is continuous on the region G, then

b rd [l
ff f(x,y,Z)dV=/ / / f(x,y,2)dxdydz.
G a Jc k

Moreover, the iterated integral on the right can be replaced with any of the five other
iterated integrals that result by altering the order of integration.

Example 32.1. Evaluate the triple integral f f f 12xy*z3dV over the rectangular G de-
fined by the inequalities—1 <x<2,0<sy<3and0<z<2.

Solution.

2 3 p2
fff 12xy° 23 ///12xy2z3dxdydz
G
= //[]z odydx= //48xydydx

/[16xy] dx = /432xdx
- -1

2
- Zlﬁx' — 648.
-1

O

Theorem 32.3. Let G be a simple xy—solid with upper surface z = g»(x,y) and lower
surface z = g1(x,y), and let R be the projection of G on the xy—plane. If f(x,y,z) is

continuous on G, then
&(x,y)
[l o= |
g1(x,y)

z=g(x y)

z=g(x y)

v

¥ e

Figure 32.3: xy—solid with upper surface z = g»(x, y) and lower surface z = g; (x, y).
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A2
y+r=1
— I (1, 1)
(z=N1-p")
y=x— =0
I B v=x
L
[ }

W o=

/ R 1

A

Figure 32.4: Wedge in the first octant that is cut from the cylindrical solid y? + z? < 1
by the planes y = x and x = 0.

Example 32.2. Let G be the wedge in the first octant that is cut from the cylindrical

solid y* + z* < 1 by the planes y = x and x = 0. Evaluate fff zdV.
G

Solution.

The solid G and its projection R on the xy—plane. The upper surface of the solid is
formed by the cylinder and the lower surface by the xy—plane. Since the portion of
the cylinder y? + z> = 1 that lies above the xy—plane has the equation z = \/1—- )2,
and the xy—plane has the equation z = 0, it follows that

[ -

zdz| dA.

O

For the double integral over R, the x— and y—integration can be performed in
either order since R is both a type I and type II region. We will integrate with respect

to x first. With this choice,
Y 1
dA= / / z?

1 ry 1-y
fffzdv = // [/ zdz
G o Jo 0
1 ry
//l(l—yz)dxdyz—/(l—yz)xy
L |
/(y ydy) = [ y——y] =3
0

32.3 Volume as triple integral

1

dxdy

dy

In the special case when f(x,y,z) =1

VolumeofG:fff dV = lim ZAVk
G

n—»oo



32.4. DIVERGENCE THEOREM 5

Example 32.3. Use a triple integral to find the volume of the solid within the cylinder
x% + y? =9 and between the planes z=1 and x + z = 5.

y=\9-x

—tt :-____. .I = _-\‘} - l.:
/_,f el k.

Figure 32.5: Solid within the cylinder x> + y?> = 9 and between the planes z = 1 and
xX+2z=>5.

Solution.
The lower surface of the solid is the plane z = 1 and the upper surface is the plane
X+ z =5 or equivalently, z =5 — x. Thus,

5—x]

VolumeofG:ff dv = dz|dA
G

For the double integral over R, we will integrate with respect to y first. Thus,

V9—x2  p5—x VI-x2
// / dzdydx = // z

9-— x2
// (4—x)dydx:/ (8-2x)V9—x%dx
-3
3
8/ \/9—x2dx—/ 2xV9—x%dx
-3 -3
9 3 9
8(571)— 2x\/9—x2dx:8(§n)—0:36n.
-3

Volume of G d ydx

32.4 Divergence theorem

Theorem 32.4 (Divergence).
Let G be a solid whose surface o is oriented outward. If

F(x,y,2) = f(x,1,2)i + g(x,y,2) ] + h(x,y, 2)k
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where f, g and h have continuous first partial derivatives on some open set containing
G and ifn is the outward unit normal on o, then

|| ¥-nas= [[[ +Fav.

Divergence Theorem states that under the given conditions, the flux of F across
the boundary surface o of G is equal to the triple integral of the divergence of F over
G.

The Divergence Theorem is sometimes called Gauss’s Theorem after the great
German mathematician Karl Friedrich Gauss (1777 —1855). It is also known as Ostro-
gradskyaAZs Theorem after the Russian mathematician Mikhail Ostrogradsky (1801 —
1862). He published this result in 1826.

Example 32.4. Using the Divergence theorem to find outward flux of the vector field

F(x,y,2) = zk across the sphere X2+ y2 + 72 = a2,

Solution. Let o denote the outward-oriented spherical surface and G the region that
it encloses. The divergence of the vector field is

0z
divF=—=1
iv e

so the flux across o is

3
CD=[/F-ndS:fff dV=Volume0fG=47;a .
G

Example 32.5. Use the Divergence theorem to find the outward flux of the vector field

O

F(x,y,2) :2xl°+3yf+zzfc

across the unit cube in the Figure 32.6.

Figure 32.6: Unit cube.
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Solution. Let o denote the outward-oriented surface of the cube and G the region
that it encloses. The divergence of the vector field is

dqu—i(szi(s )+£(ZZ)—5+22
" ox ay V9%

so the flux across o is

1,1 pl
[fF-ndS:ff[(5+2z)dV:///(5+2z)dzdydx
o G 0o Jo Jo

1 1 1,1
//[5z+z2](l)dydx=//6dydx=6.

0o Jo 0o Jo

Example 32.6. Use the Divergence theorem to find the outward flux of the vector field

O]

O

F(x,y,2) = i+ 3]+ 2%k

across the surface of the region that is enclosed by the circular cylinder x> + y*> = 9, see
Figure 32.7.

Figure 32.7: Circular cylinder x? + y* = 9.

Solution. Let o denote the outward-oriented surface and G the region that it en-
closes. The divergence of the vector field is

d 0 0
divF = &(xa) + a(y3) + E(Zz) =3x%>+3y%+2z

so the flux across o is

21 3 2
ffF-ndSsz (3x2+3y2+2z)rdzdrd9:/ //(3r2+2z)rdzdr9
(o G 0 0 Jo
21 3 1 1
/ /[3r2z+rzz]§drd6=//(6r3+4r)drd9
0 0 0 0

21 4 3 2n
3 279
/ [L +2r2] dH:/ 217 46 = 2797
0 2 0 o 2

0]
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